This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.
IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS—I: REGULAR PAPERS

1
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Abstract— The dynamic write-access operation in an SRAM
has a long-tailed distribution that sets the threshold for writeaccess failures. The distribution takes a long time to evaluate since
rare failure events lie in its long and heavily skewed tail. Moreover, advanced FinFET technologies are becoming increasingly
reliant on assist techniques to resolve these rare failures in the tail
for improved dynamic performance and stability. In this work,
we present various analytical approaches that work well in both
super-threshold and subthreshold regions of operation to quickly
determine the write-access failure probability. For FinFET based
SRAMs, we present a modified sensitivity analysis-based method
to evaluate the write-access operation distribution and discuss
the evaluation of contention-limited write-access failures. The
impact of various write-assist techniques on the performance
and stability of FinFET SRAMs is also discussed. All simulations
are performed using commercial 65nm bulk planar and 12nm
FinFET technologies.
Index Terms— Bit-cell, failure probability, noise margin, writeaccess, SRAM, subthreshold, VMIN , yield.

I. I NTRODUCTION

R

ANDOM variations in nano-scale Static Random Access
Memories (SRAM) pose a major challenge to achieving
design robustness due to their large effect on bit-cell and array
characteristics. These variations include device threshold voltage (VT ) mismatch due to random dopant fluctuations (RDF)
and line edge roughness (LER) [1]. The device VT mismatch
in deep sub-micrometer technologies is greatest in minimum
sized devices, which are often used in SRAMs [2]. The worstcase VT mismatch, combined with the increased sensitivity
of current in the subthreshold region, greatly affects the
minimum operating voltage (VMIN ) and yield of the memory.
This makes it hard to design low power SRAMs or meet
frequency and yield constraints. Monte-Carlo (MC) simulation
is a well-known approach to determine the worst-case VMIN
for a given memory. However, memory arrays can require
millions of MC simulations, which is prohibitively expensive
since most of the samples do not lie in the tail [3]. For
especially long tailed distributions such as the dynamic writeaccess operation, accurate determination of the tail is crucial
to determining the failure point. A few analytical approaches
have previously been proposed to determine the dynamic
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write-access distribution. However, they have limited success
in doing so, especially in sub-threshold region of operation,
due to the approximations considered in fitting the distribution
which we discuss in Section II.
This work provides an in-depth analysis of analytical methods to evaluate the write-access distribution in both bulk planar
and advanced FinFET technologies. In this work, we discuss:
1. An analytical transformation model to determine the
failure probability of the write-access operation, that
works well in both super-threshold and sub-threshold
regions of operation.
2. Since the write-access operation distribution resembles
the noncentral F distribution, we also discuss an analytical solution to determine its tail.
3. In more recent advanced FinFET technologies, the gate
work function variations impact the VT variations significantly, which is why we present a modified sensitivity
analysis-based method to determine the distribution of
the write-access operation in advanced technologies.
4. A methodology to determine the contention-limited
write-access failures which occur irrespective of pulse
width.
5. Since in advanced FinFET technologies, assist circuits
play a crucial role in ensuring the continued scaling of
SRAMs, we also compare various write assist techniques
based on their effect on performance and stability across
different bit-cell fin ratios and regions of operation.
These proposed alternative analytical methods offer a
fast approach with reasonably low error to determine the
write-access operation failure threshold and yield in a
given SRAM design process in both sub-threshold and
super-threshold regions of operation.
The paper has been constructed as follows. Section II briefly
discusses the prior analytical methods used to determine
the write-access distribution and then describes the proposed
transformation-based methodology and the noncentral F distribution solution. It then describes the sensitivity analysisbased method for determining the write-access distribution
for FinFET based SRAMs. Furthermore, contention-limited
write failures are also discussed. Section III discusses various
write-assist techniques and their impact on the write-ability
and performance in advanced technologies and Section IV
summarizes and concludes the paper.
II. SRAM W RITE -ACCESS M ODELLING
Write failure is caused when an SRAM cell is unable
to reach desired value in the time duration of the clock
pulse width. Therefore, the write failure probability can be
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Fig. 1. Schematic of an SRAM bit-cell in write mode, depicting the corresponding dynamic write-access operation. Its distribution has a long tail which
requires a large Monte-Carlo simulation for accurate determination and is difficult to model analytically.

expressed as



PW = Pr ob TW < TWWL


(1)

where T W is the time required to pull down the node storing
‘one’ and TWWL is the write word line (WL) pulse width [4], [5].
T W cannot be easily approximated because its distribution has
a tail as shown in Fig. 1. In the following section, we briefly
discuss previous analytical approaches for determining the
distribution of the write access operation.
A. Existing Write-Access Analytical Modelling Approaches
The work presented in [5] shows that the tail of write-access
operation closely resembles the noncentral F distribution. The
authors in [6] use sensitivity analysis to estimate the tail
for write-access, but report an error of 6.83%. The authors
in [7] show that by performing a linear inverse transformation
on the write-access distribution, it can be transformed into
a Gaussian distribution, which can then be used to easily
estimate the failure probability by calculating the mean (μ f (x) )
and standard deviation (σ f (x) ) of the distribution as
μ f (x) ≈ f (μx )
 2
n 

∂ f (μx )
2
σ f (x) ≈
σxi
∂ xi
i=1
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Here  represents the standard normal cumulative density
function, TW is the write-access time and, TWWL is the word-line
pulse width. The write-access operation distribution and its
long tail nature is shown in Fig. 1. The inverse transformation
of the same distribution is shown in Fig. 2 (a). As seen in Fig. 2

(a), the inverse of access time approximates the Gaussian
distribution. This is because the linear inverse transformation
of delay makes it vary as ∝ (V D D − VT ), i.e., linearly with
change in VT . However, this is only true for super-threshold
region of operation. In sub-threshold region, the delay has an
exponential dependence and a linear transformation does not
yield a Gaussian distribution as shown in Fig. 2 (b).
B. Proposed Write-Access V M I N Modelling
To transform the delay values (D) in the write-access
distribution such that we can obtain a Gaussian distribution
in the transformed domain, we apply a transformation T as

1 
ln (|D|)ζ 
(5)
T :D→
K
where K is an integer constant and ζ is a fit parameter such
that the skewness of the transformed distribution approximates
to zero. This is because the third moment of a Gaussian
distribution is zero.
skewness [(T : f (x))] ≈ 0

(6)

An initial MC simulation of 100K runs is performed and
then used to estimate the value of ζ using (5) and (6). This
process is repeated for any circuit or technology each time
during the evaluation of the transformation and corresponding
distribution. The value of ζ as a function of VDD is shown
in Fig. 2 (i).
The write-access delay values of 100K runs are then transformed using (5), after which the failure probability is quickly
calculated as
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Fig. 2. The log-transformation approach can be used to transform the skewed distribution of the write-access operation into a normal distribution to easily
calculate the failure probability. The histograms of the linear inverse transformation [7] distribution are shown in (a) super-threshold & (b) sub-threshold
region of operation, with the corresponding probability plots in (c) & (d). The histogram of the proposed transformation model is shown in (e) & (f), with
the corresponding probability plots in (g) & (h). (i) Value of zeta variable computed using 100K MC sims. (j) Trend of write-access failure probability and
corresponding VMIN with varying supply voltage.

The transformed distribution, along with the linear transformation is shown in Fig. 2 (e). While the inverse transformation is a good fit for super-threshold region, it fails to
work in the subthreshold region. Whereas the proposed transformation modelling allows linearity (i.e., Gaussian nature)
and very little skew in both regions of operation. The failure probability was calculated using (7) for different access
frequencies and is shown in Fig. 2 (j). The write-access

VMIN is calculated when the failure probability reaches
10E-9.
Table I shows the comparison of transformation moments
for various analytical methods and compares them with the
ideal case. The closer the transformation moments are to the
ideal case, the lower we can expect the error to be. The error
in calculation and time to compute are summarized in Table II,
with the process steps for evaluation in Fig. 2.
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2 ∂ 2 f

(16)
μ f 1 = E [ f (VT )] ∼
= f μVT + E VT − μVT
∂ VT2

TABLE I
C OMPARISON OF T RANSFORMATIONS

C. Write-Access Noncentral F Distribution Analytical Tail
Modelling
This section describes how to analytically estimate the tail
of the distribution of the write-access operation in an SRAM
by fitting a noncentral F distribution to it. This is accomplished by first estimating the moments of the distribution
assuming VTH as the variable and then mapping them on
to a noncentral F distribution. The variation in threshold
voltage due to Random Dopant Fluctuations (σ V T ,R D F ), transistor length variations (σ V T ,L ), Random Telegraphic Noise
(σ V T ,RT N ), and other sources of variability (σ V T ,Ot her ),
which affect stability and performance of the cell can be
modelled as [8]

σVT = σV2 T ,R D F + σV2 T ,L + σV2 T ,RT N + σV2 T ,Ot her (8)
For a given technology with given minimum transistor
sizing W M I N and L M I N , the deviation in threshold voltage (σVti ) for any transistor can be calculated by using
Pelgrom’s Law [9]. Advanced technologies exhibit deviation
from Pelgrom’s Law [10], [11], which are modelled as

WM I N L M I N
(9)
σVTi = σVT ×
(W )α (L)β
where α and β are technology constants. The moments
ciated with VT can then be represented as

μVT 1 = μVT = E (VT )

2

μVT 2 = σV2T = E VT − μVT

3

μVT 3 = E VT − μVT

4

μV  = E VT − μV
T

T

4

asso(10)
(11)
(12)
(13)

If x 1 , x 2 , . . . x n are independent random variables with mean
ηi and variance σi , then the function y = f (x 1 , x 2 , . . . x n ) can
be expressed using the multivariable Taylor series expansion
as
f (x 1 , . . . x n )


n

∂ f 
= f (η1 , . . . ηn ) +
∂x 
i=1

i η1 ,...ηn

(x i − ηi ) + r (x 1 , . . . x n )
(14)

where r (x 1 , x 2 . . . x n ) is the higher order term. Applying
this result to VT and including the first few terms in
r (x 1 , x 2 . . . x n ) , f (x 1 , x 2 , . . . x n ) can be approximated to
 
 ∂f
 ∂2 f

1
+
f (VT ) ∼
VT − μVT
= f μVT + VT − μVT
∂ VT
2
∂ VT2
(15)

Considering the third and fourth order moments of VT , a few
more terms in r (x 1 , x 2 . . . x n ) can be included to evaluate the
variance of f as

2

μ f 2 = σV2T = V ar ( f (VT )) = E f (VT ) − μ f
2
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the third
 moment, we first calculate
For calculating
E f (VT )2 and E f (VT )3 as
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= f μVT + E VT − μVT
∂ VT



 
2 ∂ f 2
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Using eqn. (19) and (21), the third moment can be calculated
as

3

μ f 3 = E f (VT ) − μ f




= E f (VT )3 − 3E [ f (VT )] E f (VT )2
+ 2E [ f (VT )]3


2 
2 ∂ 2 f
μ f 3 = 3 f μVT E VT − μVT
∂ VT2


3 ∂ f 3

+ E VT − μVT
∂ VT
 
2 2 ∂ 2 f
+ E VT − μVT
∂ VT2
⎡
 ∂2 f
2


× ⎣6 f μVT
+ 2E VT − μVT
2
∂ VT
⎤


∂f 2 ⎦
−3
∂ VT

(23)

∂2 f
∂ VT2

2

(24)

Applying these results to the six transistors of the SRAM
cell, we can rewrite the moments as
6

 1

∂2 f
μ f 1 = f μVT +
2
∂ VT2
i=1

σV2T

i

(25)
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TABLE II
S UMMARY OF E RROR IN W RITE -A CCESS V MIN AND E VALUATION T IME
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2

error in evaluation and the time to compute are summarized
in Table II. The process steps for performing the analysis are
shown in Fig. 3.

σVTi

D. Write-Access Modelling in Advanced Technologies
(26)


6 
 
∂f 3

+ μVT 3
∂ VTi
i=1

σV2T

#2

i

#3


6 

∂f 2
−3
∂ VTi
i=1

(27)

The moments are evaluated using the differential coefficients extracted from Fig. 3 (a)-(d) by curve fitting a polynomial whose degree matches the order of the differential
coefficient. These are then be used to calculate the parameters
of the F distribution (n 1 , n 2 , λ) by equating (25) to (27) with
(A3) to (A5) respectively. Solving these, we get the values
of n 1 , n 2 , λ, which are then used to obtain a noncentral F
distribution nc f (n 1 , n 2 , λ).
Representing the skewness and kurtosis values of this distribution as skew (nc f ) and kur t (nc f ) respectively, the final
noncentral F distribution for the write-access operation can
be represented by the following moments.

%
$ 
Wri te − Access = μ f 1 , μ f 2 , skew (nc f ) , kur t (nc f )
(28)
The distribution has been evaluated using eqn. (28) in both
sub-threshold and super-threshold regions of operation using
a commercial 65nm bulk technology and shown in Fig. 3
(e) and (f) respectively. The distribution matches well in superthreshold region with very low mismatch in probabilities.
The means of the distributions don’t match exactly in the
subthreshold region, but the tails match approximately, with a
difference of ∼4E-5 in probabilities as shown in Fig. 3 (d). The

In comparison to planar bulk technologies, FinFET devices
provide higher performance with improved short-channel
effects, subthreshold slope, drive current, and mismatch [13].
However, the implementation and development of these
advanced devices involves major technical challenges, including an increase in VT variations in sub-30nm process technologies due to LER, RDF, and work function variations (WFV)
[14], [15]. These can seriously degrade the VT mismatch in
various circuit blocks of the Integrated Circuit (IC). Additionally, it has been estimated that the magnitude of WFV-induced
VT variations is larger than that induced by either LER or RDF
in sub-30-nm process technology [16], [17].
In this work, to assess the dynamic write-access operation in
FinFET based SRAMs, we extend sensitivity analysis in [6] to
observe the effect of VT variations due to WFV. We perform
the simulations on a commercial 12nm FinFET technology.
The SRAM bit-cell transistor fins are sized as 1:1:2 for pullup, access, and pull-down respectively. The VT for both nMOS
and pMOS devices is modulated by changing the metal gate
work function (PHIG) in the BSIM-CMG model. With change
in VT , the dynamic write-access time is calculated and used to
generate access time (Ti ) versus VT curves corresponding to
each i t h transistor in the bit-cell [6]. A third-degree polynomial
is fit to each curve as
Ti = aVT3 + bVT2 + cVT + d

(29)

The offset write-access time (TO F F S E Ti ) for each transistor
is then calculated by subtracting the nominal write-access time
(Tnominal ) from Ti . As opposed to bulk planar technologies,
the VT variable is not explicitly described in the device
model. As such, information about the VT cannot be directly
extracted from the model file and extrapolated using Pelgrom’s
Law. In this work, an initial simulation of 100K MC runs is
performed for all the devices in the bit-cell to generate the
VT distributions. The VT data samples are then plugged into
Eqn. (29), to calculate the dynamic write-access time as
TW R I T E−ACC E S S = Tnominal +

n


TO F F S E Ti

(30)

i=1
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Fig. 3. Determining write-access failure probability by modelling it using noncentral F distribution. Normalized Write Access-Time variation with respect
to change in VT for each transistor in super-threshold region (a) when X = 1 (b) X = 0 and in subthreshold region (c) when X = 1 (d) X = 0. Fig. 6.
Comparison of write-access operation distributions using proposed modelling technique and MC sims in (e) Super-threshold region (f) Sub-threshold region
of operation, with the corresponding probability plots in (g) & (h).

where n is the number of transistors in the bit-cell. This
calculation in (30) is repeated N times depending on the
desired sample size to generate the final dynamic write-access
operation distribution. The distribution has been evaluated
(1M iterations) using Eqn. (30) and compared with MC sims
in Fig. 4. As seen in Fig. 4, the proposed analysis matches
well with MC sims, including in the tail. The process steps for
performing the analysis are shown in Fig. 4, with the runtime
and error in evaluation summarized in Table II.

static in nature and occur irrespective of word-line pulse
width. Since these failures occur due to insufficiency of write
margin (WM) in the bit-cell, they can be modelled using the
static write margin equations as
μW M = W M +
+

i=1
n 
n

∂2W M
k=1 i=1
i =k

E. Contention Limited Write-Access Failures
In this section, the method to calculate the contentionlimited write-access failures is presented. These failures are

n

1 ∂2W M
2 ∂ Vt2i

2
σW
M=

∂ Vti ∂ Vtk


n 

∂W M
i=1

∂ Vti

σV2t

i

r (i, k) σVti σVtk

(31)

2
σVti
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Fig. 4. (a) Comparison of write-access operation distributions using sensitivity analysis and MC sims in 12nm FinFET process (1M iterations) (b) The
relative impact and contribution of each transistor in the 6T bit-cell on the write access operation performance in super-threshold and subthreshold region of
operation. The contribution of the pull-up transistor on the hold ‘one’ (and write ‘zero’) side of the bit-cell increases in subthreshold region. (c) Correlation
between threshold voltage of transistor and write-access time for each transistor in the 6T bit-cell.

+2



n 
n 

∂W M
∂W M
k=1 i=1
i =k

∂ Vti

∂ Vtk

r (i, k) σVti σVtk (32)

Here, r (i, k) is the correlation coefficient and Vti represents
the threshold voltage of the i t h transistor. The total number
of contention-limited write-access failures are then calculated
using the cumulative distribution function as



N
x −μ
√
T otal Failur es =
1 + er f
2

 σ 2
N
−μ
√
(33)
=
1 + er f
2
σ 2
where N is the total number of samples. The write margin distribution was computed for a 6T bit-cell with fin
ratio 1:1:2 at 0.4V using both MC simulations and model
equations and plotted in Fig. 5 (a). As seen in Fig. (5),
the distribution fits the Gaussian curve and both MC and

model distributions match well. The area under the curve
from negative infinity to zero write margin represents the
total number of samples which will fail statically. In Fig. 5
(b), the write-access distribution was plotted for the same
bit-cell using the model presented in Fig. 4 and compared
against MC simulations. The contention-limited write-access
failures calculated using (33) were also added to the same
plot to represent the entirety of the write-access distribution. As seen in Fig. 5 (b), the model and MC simulations
match well even at low operating voltages (0.4V), with about
1.2% error in the number of contention-limited write-access
failures.
III. W RITE A SSIST C IRCUITS IN
A DVANCED T ECHNOLOGIES
As SRAMs have continued to scale, they have required the
adoption of assist circuits to ensure scaling. This adoption

Authorized licensed use limited to: University of Virginia Libraries. Downloaded on September 23,2021 at 09:02:49 UTC from IEEE Xplore. Restrictions apply.

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.
8

IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS—I: REGULAR PAPERS

Fig. 5. Comparison of (a) Static write margin distribution using model and MC sims. at VDD = 0.4V (100K iterations) (b) write-access distribution with
respect to frequency at VDD = 0.4V. Results show about 1.2% error in computation of contention-limited write-access failures.
TABLE III
S UMMARY OF 6σ W RITE -M ARGIN V MIN U SING VARIOUS A SSIST T ECHNIQUES

becomes necessary because the quantized nature of transistor
fins leaves little room for VMIN or performance adjustment,
lest the designer gives up array area efficiency. Therefore,
it has become imperative to determine which assist technique
is most suited for the maximal improvement in VMIN or
performance depending on the application use case. In this
section, we investigate the effect of various write-assist techniques on the dynamic write performance of 6T bit-cells
(1:1:2 fin ratio) from VDD = 0.4V to VDD = 0.8V using the
12nm technology. The nominal supply voltage is 0.8V and
the threshold voltages for nFET and pFET are about 350mV
and −350mV respectively. The analyses are performed using
MC simulations considering assist circuit voltages as a percentage of the supply voltage (10% and 20%) and compared
against MC simulations with no assists in Fig. 6. The assist
circuits include Word-Line Boosting (WLB), VDD collapse
(VDDU), and Negative Bit-Line (NBL) [18]. The WriteMargin [19]–[21] has also been calculated and summarized
for varying bit-cell fin ratios and write-assist techniques in
Table III.
Simulations show that the WLB assist brings about the
most in VMIN reduction in bit-cells with fin ratios 1:1:1 and
1:1:2, whereas the NBL assist is best at reducing the VMIN
in the 1:2:2 bit-cell. The WLB assist has the greatest overall
impact on write-access performance and the VDDU and
NBL assist techniques have the modest impact across operating voltages and amount of assist voltage applied. The

distribution is long tailed when no assist is applied, meaning
that the outliers take an exceptionally long time to write. The
outliers can differ by as much as two orders of magnitude
as shown in Fig. 6 (c) and (d). The assist circuits greatly
impact these outliers and transform the distribution to more
gaussian-like in super-threshold region of operation. In nearthreshold region of operation, the tail is impacted even more
so, thereby greatly shortening the tail. Even though the overall
performance of the WLB technique is the best, it has the
worst row half-select stability issue because it exacerbates
the static read noise margin problem during a pseudo-read
operation in half selected cells in interleaved memories. While
a careful circuit implementation can be used to somewhat
mitigate this effect, the trade-off between the read-stability
and write-ability remains delicate. The NBL technique doesn’t
impact the row half-select stability, but it impacts the stability
of column half selected cells. However, the work in [18]
suggests that the probability of half-select stability issues is
very unlikely for smaller (<30%) NBL assist values. As such,
NBL assist can offer the best overall trade-off between
write-access performance improvement and half-select stability issues. The VDDU technique can impact both row and
column half-select stability of other cells depending on the
designer’s implementation. It is up to the designer to decide
and trade-off various read and write assist techniques to balance both performance and stability across the entire array of
cells.
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Fig. 6. Performance comparison of write-access operation histograms with various write assist techniques at (a) VDD = 0.8V (b) VDD = 0.4V and write-access
operation probability plots at (c) VDD = 0.8V (d) VDD = 0.4V in 12nm FinFET process.

IV. C ONCLUSION
In this work, we showed how the write-access operation in
an SRAM has a skewed and long tailed distribution which sets
the failure threshold for the dynamic write operation. Analytical approaches which use transformation and sensitivity
analysis are viable methodologies to evaluate the tail. While
previous analytical approaches are successfully able to trade

off speed and accuracy in comparison to MC simulations,
they are only able to do so in super-threshold region of
operation and introduce large errors in subthreshold region.
We presented an analytical methodology to estimate the tail
of the write-access operation using a log transformation model
which works well in all regions of operation.
We also provided an analytical solution to the tail of
the write-access operation distribution which is known to
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closely resemble the noncentral F distribution. Furthermore,
we presented a sensitivity analysis-based evaluation method to
determine the write-access operation distribution in advanced
FinFET technologies.
The dynamic write-access failures can also include failures
which are independent of pulse-width and are caused by
insufficiency of static write margin. Therefore, we presented
a methodology to extend all these methods to include the
evaluation of contention-limited write-access failures as well.
Since in advanced technologies, assist circuits play a crucial
role in enabling performance and stability, we evaluated and
compared various write assist techniques for different bit-cell
fin ratios and regions of operation.
A PPENDIX
M OMENTS OF THE N ON -C ENTRAL F D ISTRIBUTION
Let (X 1 , X 2 , . . . , X i , . . . , X k ) be k independent, normally
distributed with means μi and unit variances. Then the random
k
(
variable
X i2 is distributed according to the noncentral chii=1

squared (χ 2 ) distribution. It has two parameters: k specifies
the number of degrees of freedom and λ (also called the noncentrality parameter) is related to the mean of the random
k
(
variables X i by λ =
μ2i . Then, if X : χn21 (λ1 ) and
i=1

Y : χn22 (λ2 ) are two independently distributed noncentral
chi-squared variables with n 1 and n 2 degrees of freedom
respectively, then the doubly noncentral F distribution can
χ 2 /n 1

be defined as F = χn21 /n [22]. With λ1 = 0, λ2 = 0,
2
n2
the distribution is called the singly noncentral F distribution
and its probability density function is defined as (A1) and
(A2), as shown at the bottom of the previous page where
(z) is the Gamma function, B (α, β) is the Beta function,
L nm (z) is a generalized Laguerre polynomial, and p Fq is a
Hypergeometric Function. The first few central moments are
then evaluated as (A3)–(A6), as shown at the top of the page.

(A3)
(A4)

(A5)

(A6)
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